Abstract-This paper proposes a tire traction force control scheme which effectively deals with the highly nonlinear and uncertain tire-road interaction, and variations in road conditions. Moreover, the proposed control scheme is based on robust estimations of traction forces; therefore, unlike the slipratio-based methods, achievement of desired traction forces is guaranteed by the proposed control scheme. Then simulations are conducted for verification. The results show that the performance of traction force estimation and control is satisfactory, even under the conditions of suddenly changed tireroad friction-coefficients and mismatched tire models for controller design and simulations.
I. INTRODUCTION
Driving safety and performance can be significantly improved if tire traction forces are under careful control. Tire traction force control has been implemented in production vehicles in a variety of forms. For example, traction control systems (TCSs) and antilock braking systems (ABSs) are effective in preventing tires from spinning or skidding under adverse conditions such as acceleration or deceleration on wet or icy roads; direct yaw control (DYC) is realized by applying additional braking forces to stabilize the yaw motion of the vehicle [1, 2] .
Control of tire traction forces is challenging in many aspects. Firstly, the tire-road interaction is complicated, highly nonlinear and uncertain. Many tire models, including dynamic/static and analytical/empirical models [3] , have been proposed to elucidate the mechanism of tire force generation; however each of them considers only parts of the tire behavior (e.g. speed dependency or hysteresis). Moreover, it is difficult to know in advance or to estimate on-line the parameters associated with the tire models. Therefore, tire-model-based control schemes inevitably suffer from considerable uncertainties of both model parameters and model structures.
Sliding mode control and fuzzy logic control have been found useful in dealing with uncertain nonlinear systems. Lee and Tomizuka [4] investigated both approaches and concluded that the sliding mode controller performed better if a reliable tire model was available, while the fuzzy logic controller was preferable if the tire model was unknown. Colli, et al. [5] also applied both methods to control the adherence gradient of tires and concluded that the sliding mode controller achieved slightly better performance. In addition, variations of sliding mode control such as the second-order sliding mode control [6, 7] and the dynamic  Tesheng Hsiao is with the Department of Electrical Engineering, National Chiao Tung University, Hsinchu, 30010, Taiwan (TEL: 886-3-5131249; FAX: 886-3-5715998; e-mail: tshsiao@cn.nctu.edu.tw) surface control [8] were explored for their good robustness and reduced chattering phenomenon. A fuzzy logic ABS controller with separate rules for different road conditions was studied in [9] .
Besides, Borrelli et al. implemented robust traction force control by modeling the nonlinear tire-road interaction as a hybrid system and applying model predictive control (MPC) to each continuous subsystem [10] . Gain-scheduled control [11] and mixed slip-deceleration (MSD) control [12] were proposed to robustly handle the nonlinear tire models.
The second challenging issue of traction force control is that the operational conditions of tires are time-varying and may change substantially. In particular, the road condition significantly affects generation of traction forces. To solve this problem, some traction force control laws relied on the aforementioned robust control techniques while some explicitly incorporated on-line estimations of the tire-road friction-coefficient. For example, the recursive least square algorithm with forgetting factor was used in [4] , and the sliding mode observer was implemented in [6, 13] .
The third challenge comes from immeasurability of tire traction forces; thus traction force control is accomplished indirectly by means of slip ratio control. Consequently, the control objectives of slip-ratio-based methods focused on tracking the desired slip ratio [4, 7] , attaining maximum traction forces for fastest acceleration and deceleration [4] [5] [6] 13] , or maintaining the slip ratio in the stable region, irrespective of road conditions [8] .
However, the ever demanding requirements for driving safety inspire the need for precise traction force control. Recent studies have shown that coordinating traction forces of all tires in an optimal way improves yaw stability of the vehicle in sever situations (e.g. sharp cornering or braking on icy roads) [14] [15] [16] . Unfortunately, perfect slip ratio control does not guarantee achievement of desired traction forces. This is because uncertainties of tire models prohibit correct transfer of the desired traction force to the target slip ratio.
In view of the limitation of slip-ratio-based methods in high performance vehicle control systems, this paper turns to investigate direct traction force control with sufficient robustness margin. As a first step, a traction force estimator was developed which is robust w.r.t. tire model uncertainties and variations in road conditions. Then a controller based on the estimated force was proposed such that the desired traction force is attained. The proposed traction force control scheme takes the wheel torque as control input and generates desired traction forces. Therefore it can be seamlessly integrated into the advanced vehicle control systems, where the desired traction forces are evaluated by the yaw stabilizing controller and then distributed optimally to each driven wheel [14] [15] [16] . Note that modern automotive technologies such as electronic limited-slip differentials (ELSD), torque-vectoring systems [17] , and in-wheel motors [18] allow various degrees of freedom to independently control the torque of each driven wheel. Hence the proposed traction force control scheme is applicable to both internal combustion engine vehicles and electric vehicles.
The robust performance of the proposed estimator and controller was verified by simulations. The results showed that the actual traction force follows the desired one, despite sudden changes in road conditions and mismatched tire models used for controller design and tire simulations.
The rest of this paper is organized as follows: Section II introduces the tire models used in this paper. Section III presents the robust traction force estimator while the control algorithm is proposed in Section IV. Simulation results are presented in Section V and Section VI concludes this paper.
I. MODEL
In this paper, we assume that a vehicle is traveling along a straight line without cornering. One of the wheels is shown in Figure 1 , which satisfies the moment balance equation:
where T is the wheel torque, which is the sum of the braking torque and the engine torque transferred through the drivetrain. I w , R, , and F x are the moment of inertia, radius, rotational velocity, and traction force of the wheel, respectively. The deformation of the tire is neglected. The traction force is closely related to the tire's slip ratio , which is defined as:
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where v w is the translational velocity of the wheel. Since the vehicle is not turning, v w is the same as the velocity of the vehicle's center of gravity (C.G.).
Many tire models have been proposed to describe the relation between the traction force and the slip ratio. One of the most popular tire models, called the magic formula [19] , is a static empirical function of the slip ratio , tire-road friction-coefficient  p , and tire normal force F z :
where B, C, D, and E are parameters associated with the magic formula whose values vary with F z . Note that F z is not a constant when the vehicle is accelerating or decelerating due to the weight transfer effect. Although the magic formula fits the experimental data reasonably well, it contains too many parameters which are usually unavailable in practice. Another simpler yet widely used tire model is the Dugoff model [20] :
the parameter associated with the Dugoff model. Since it is relatively easier to determine the parameter of the Dugoff model, we will use (2) with fixed C x ,  p and F z as the nominal tire model for controller design, and use (1) to simulate the actual tire behavior. Note that we intentionally use different tire models for controller design and simulations in order to emphasize robustness of the proposed control scheme w.r.t. uncertainties in tire model structures.
The 
II. TRACTION FORCE ESTIMATION

A. Design of the Estimator
On designing the traction force estimator, we assume  
, ,
, where f is an unknown function satisfying the following uncertainty bound:
, and    , ,  p , and F z (3) where 0 
where F z0 is a constant.
Remark 1:
Processing the derivative of the traction force may suffer from numerical problems since is preferred. Note that (4) differs from the common definition of coefficient of traction [21] in that the denominator of (4) is a constant, instead of the time-varying normal force F z . According to (4),   and x F  are identical up to a normalization factor.
It is reasonable to assume that  p is quasi-static, then 
If , v w , w v  and T are available, then the proposed traction force estimator is
 is an auxiliary state of the estimator, and  is a function of  which is to be determined. To simplify the notation, we From (5) and (7) we have 
If we choose
where  2 >0 and (14) , or equivalently (13) , holds. This implies that
and then e  0 exponentially. Figure 3: q(e  ) and the graphical interpretation of (13).
Remark 2:
As t approaches infinity, the denominator of the second term in (15) approaches zero. Therefore (15) is modified such that the absolute value of the denominator is no less than some predefined positive number . Consequently, (14) may be violated for small estimation errors. In such a case, only ultimate boundedness of the estimation error is achieved.
B. Upper Bound of the Estimation Error
Although there exists a trivial E  which satisfies assumption (10), we want E  as small as possible for a less stiff differential equation (15 , where < E . The flowchart in Figure 4 illustrates the procedure for calculating E  (t). In Figure 4 , t defines the time window within which the historical maximum value of |p| is searched and preserved. E i , i=0,1,2,…, denotes the latest historical maximum value of |p| taking place at time t i . The initial values for t 0 and E 0 are set to be zeros.
III. TRACTION FORCE CONTROL
Given the desired traction force F xd , we want to determine the wheel torque T such that F x F xd . Consider the following wheel torque:
, braking
where  is to be determined. Define the tracking error
e F F   and substitute (18) into (6). Then we get 
Remark 3:
We assume that the F xd comes from an upper layer controller which determines that total traction force required for maintaining a stable trajectory of the vehicle, and distributes the total traction force to each driven wheel in a feasible way according to the road conditions. Therefore F xd is achievable.
IV. SIMULATIONS
A. Setting
We consider that the proposed traction force control scheme is implemented in the rear wheels of a rear-wheel-drive vehicle. Assume that two of the rear wheels are identical. Then the vehicle's longitudinal dynamics is modeled as 2
where m is the mass of the vehicle, a x is the acceleration of the vehicle's C.G. and F x is the traction force of a single rear wheel.
Choose F z0 =¼mg and the normal force of the rear wheel is
where l f and l r are the distances from the vehicle's C.G. to the front and rear axle respectively. h is the height of the vehicle's C.G. g is the gravitational acceleration. The values of these parameters are set to be m=1740kg, l f =1.05m, l r =1.4m, and h= 0.7m. Note that the proposed traction force control scheme needs not to know these parameters. The radius and the moment of inertia of the wheel are set to be R=0.3m and I w =2.03Nm
2 . The magic formula whose parameters are taken from [23] 
B. Results
The simulation results are illustrated in Figure 5 and Figure 6 . The tire-road friction-coefficient  p is shown in Figure 5 (a). We assume that  p =0.9 for the first 10-second period,  p =0.2 for the next 10-second period, and  p =0.5 for the last 10-second period. The desired traction force is ( ) 600sin(2 )
F xd , F x , and ˆx F are shown in Figure 5 (c). It can be seen that the performance of estimation and control is satisfactory. Figure 5( and e  resulting from sudden changes of road conditions vanish quickly (less than 0.1 sec) and then the system is stabilized again. Although the tracking error increases on the low-friction road surface, its peak-to-peak amplitude is still less than 5% of the peak-to-peak amplitude of the desired traction force. Since the control objective is to follow the sinusoidal F xd , the wheel torque generated by the controller (see Figure 5(b) ) is also sinusoidal with constant amplitude, while the amplitude of the slip ratio (see Figure 6 (a)) changes corresponding to the tire-road friction-coefficients. Figure 6 (b) shows the wheel rotational velocity  and its estimates  from (9) . The measured rotational velocity is also shown in Figure 6(b) . Convergence of the error e  =- is achieved. The absolute estimation error |e  | and its upper bound E  are shown in Figure 6 (c). It shows that the upper bound proposed in Section III.B is valid and reasonable. 
V. CONCLUSION
Traction force control is usually accomplished by means of slip ratio control because the traction force is immeasurable. However, perfect slip ratio control does not guarantee achievement of the desired traction force due to tire model uncertainties. To solve this problem, this paper proposed a direct control scheme which is based on robust estimates of traction forces such that the desired traction force is attained, even under the conditions of uncertainties in tire model structures, and changes of the tire-road friction-coefficient. Satisfactory performance of the proposed estimator and controller was verified by simulations. Integrating the proposed control scheme into a higher layer yaw stabilizing control system will be the future research topic.
